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Modeling Segmented Active Constrained Layer
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A � nite element model for composite plates with active constrained layer damping is developed using hybrid
displacement � elds. The higher-order displacement � eld is used in the composite plate to capture the transverse
shear deformations. Because viscoelastic layer and piezoelectric layers are made from certain isotropic materials,
the � rst- and the second-order displacement� elds are employed in these layers to maintaincomputationalef� ciency
in solving the problem. The re� ned displacement � elds de� ned in different material layers are derived by applying
the displacement and transverse shear stress continuity conditions at the interfaces of different materials and the
traction-free boundary conditions at the top and the bottom surfaces of the structure. The inelastic displacement
� eld method is used to implement the viscoelastic material model to enable time-domain � nite element analysis.
The � nite element model is correlated through NASTRAN-3D � nite element static and modal analysis. Detailed
numerical studies are presented to assess the in� uence of number of actuators and their locations for vibration
control.

Introduction

A CTIVE constrained layer (ACL) damping con� guration cap-
italizes on both passive and active damping techniques in a

synergisticmanner and has been shown to be an effectivemethod for
vibration suppression in composite structures.1¡3 The primary con-
cern in such a con� guration is the concept that the actuation ability
of the piezoelectric layer is reduced by the viscoelastic layer. How-
ever, the active constraininglayer (piezoelectriclayer) increases the
shear deformation in the viscoelastic layer and, therefore, in reality
forms an effective means of enhancing the damping mechanism.

ACL damping treatment has recently received signi� cant atten-
tion, as summarized by Ro and Baz.1 Baz and Ro derived the equa-
tionsforpartial treatmentof a beam2 andemployedthe � niteelement
method for the same system.3 Van Norstrand and Inman4 extended
the beam � nite element model to capture the frequency-dependent
behaviorof viscoelasticmaterial using augmenting thermodynamic
� elds (ATF) time-domain modeling method.5 Later, Lam et al.6

used the Golla–Hughes–McTavish approach to model the active
constrainedlayer. In a seriesof papers,7¡10 Shen investigatedseveral
aspectsof ACL damping treatmentswith emphasis on performance,
controllability,and stability. Azvine et al.11 considered a cantilever
beam with velocity feedback in which the piezoelectric actuator is
bondedto (not replacing) the constraininglayer.Liao and Wang12;13

used moderncontrol theory to examine the hybridnatureof the ACL
damping treatment. Most of the ACL damping models mentioned
are beam models, and they are generallyaddressedby using a single
ACL that covers the entire surface of the structure. It is well known
that segmentedconstraininglayer is an effectivemeansof increasing
passive damping in long wavelength vibration modes by increasing
the number of high shear regions.Lesieutre and Lee14 exploredseg-
mented con� guration in the ACL damping treatment. They found
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that, in addition to the passive bene� ts, segmentation provided the
possibility of additional independent control inputs to improve the
structural performance. However, the segmented constraining lay-
ers presented in their paper still covered the entire surface of the
structure and, therefore, does not represent a realistic con� guration
for engineering practice.

Based on researches reported in the literature, several issues still
need to be addressed in modeling composite structures with ACL
damping. First, the signi� cance of transverse shear effects in the
host composite structure needs to be considered. Second, a prac-
tical approach must be developed to model the sparse segmented
ACL damping treatment. The development of such a general ap-
proach involves several complexities. These include those associ-
ated with boundary conditions that are necessary to solve for the
additional variables introduced to describe the behavior of the vis-
coelastic layer. Moreover, the three different materials exhibit very
different behavior in practical applications. The viscoelastic layer
undergoesnot only pure shear, but also extension (or compression)
and bending. All of these issues need to be carefully examined.

To address these issues in composite plates with ACL damping,
a new hybrid-displacement-� eld-based theory is developed. Three
differentdisplacement� elds are assumed to describethemechanical
deformationin the threedifferentmaterial regions.The higher-order
displacement � eld is used in the composite plate region to capture
the signi� cant transverse shear effects that are present in compos-
ites. The � rst- and the second-order displacement � elds are used
in the viscoelastic layer and the piezoelectric layer, respectively,
to include shear effects while maintaining computationalef� ciency
in the solution. The re� ned displacement � elds de� ned in different
materials are derived by applying the displacement and transverse
shear stress continuityconditionsat interfacesof differentmaterials
and the traction-freeboundary conditions at the top and the bottom
surfaces of the structure. A � nite element approach is then devel-
oped based on these hybrid displacement � elds. The approach is
validatedusing results from NASTRAN-3D � nite element analysis.
A control system is designed for vibration suppression using a pole
placement technique.

Displacement Field
A composite plate of arbitrary thickness with segmented vis-

coelastic layer and piezoelectric constraining layer is considered
(Fig. 1). To model such a structure, the plate system is divided
through the plate plain into two sections: section 1, plate without
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Fig. 1 ACL con� guration.

Fig. 2 Geometry and � nite element model of the composite laminate
with ACLs.

viscoelastic layer and the piezoelectric constraining layer, and sec-
tion 2, plate with viscoelastic layer and piezoelectric constraining
layer. In section 2, the plate system is separated further through the
thickness into three different regions: composite region (region c),
viscoelastic region (region v), and piezoelectric region (region p).
A hybrid displacement � eld is developed to model the plate defor-
mation in section 2, which is compatiblewith the uni� ed third-order
displacement � eld de� ned in section 1. A general higher-order dis-
placement � eld is applied to the composite region to model accu-
rately the transverse shear effects. The in-plane displacements are
assumed to be effectively expressed by a cubic function through
the thickness z and the transverse displacement is assumed to be
independent of z. The general displacement � eld in the composite
region (region c) is de� ned as follows:

uc
1.x; y; z/ D uc

0.x; y/ ¡ zwc
0;x .x; y/ C zÃc

x .x; y/

C z2’c
x .x; y/ C z3Ác

x .x; y/

uc
2.x; y; z/ D vc

0.x; y/ ¡ zwc
0;y .x; y/ C zÃ c

y .x; y/

C z2’c
y .x; y/ C z3Ác

y.x; y/

uc
3.x; y; z/ D wc

0.x; y/ (1)

where u, v, and w are the in-plane and the out-of-plane displace-
ments at a point (x; y; z); u0 , v0 , and w0 are the displacements at
the midplane, and Ãx and Ãy are the rotations of the normals to
the midplane. The quantities’x , ’y , Áx , and Áy are the higher-order
terms. The superscriptc denotes variables de� ned in the composite
region only. The comma denotes partial differentiationwith respect
to the index that follows. The coordinate system used for the for-
mulation is presented in Fig. 2. Because the viscoelastic layer is
made of isotropic material, the transverse shear effect in this region
is expected to be much smaller compared to that in the composite
region. To simplify the current model while making it compatible
with composite region, the � rst-order displacement � eld is used in
this region:

uv
1.x; y; z/ D uv

0.x; y/ ¡ zwv
0;x .x; y/ C zÃv

x .x; y/

uv
2.x; y; z/ D vv

0 .x; y/ ¡ zwv
0;y.x; y/ C zÃ v

y .x; y/

uv
3.x; y; z/ D wv

0.x; y/ (2)

where the superscriptv denotesvariables de� ned in the viscoelastic
region. For the piezoelectric region, the second-orderdisplacement
� eld is used to ensure the applicability of boundary conditions at
the piezoelectric layer outer surface:

u p
1 .x; y; z/ D u p

0 .x; y/ ¡ zw
p
0;x .x; y/ C zÃ p

x .x; y/ C z2’ p
x .x; y/

u p
2 .x; y; z/ D v

p
0 .x; y/ ¡ zw

p
0;y.x; y/ C zÃ p

y .x; y/ C z2’ p
y .x; y/

u p
3 .x; y; z/ D w

p
0 .x; y/ (3)

where the superscript p denotesvariablesde� ned in thepiezoelectric
region.

The continuity conditions must be satis� ed at region interfaces.
These continuityconditionsrequire that the displacementsu, v, and
w and the transverse shear stresses ¿x z and ¿yz de� ned at adjacent
region be equal to each other at their interface. For multilayered
laminates made up of layers of orthotropicor isotropic lamina, this
is equivalent to the requirement that the displacementsand the cor-
responding strains "xz and "yz be equal at these interfaces. These
can be expressed in terms of displacements as follows:

uc
1 D uv

1; uc
2 D uv

2; uc
3 D uv

3; z D h=2

uv
1 D u p

1 ; uv
2 D u p

2 ; uv
3 D u p

3 ; z D h=2 C hv (4)

Gc
13

¡
uc

1;z C uc
3;x

¢
D Gv

¡
uv

1;z C uv
3;x

¢

G c
23

¡
uc

2;z C uc
3;y

¢
D Gv

¡
uv

2;z C uv
3;y

¢
; z D h=2

Gv
¡
uv

1;z C uv
3;x

¢
D G p

¡
u p

1;z C u p
3;x

¢

Gv
¡
uv

2;z C uv
3;y

¢
D G p

¡
u p

2;z C u p
3;y

¢
; z D h=2 C hv (5)

where the quantities h, hv , and h p are the thicknesses of the com-
posite plate, the viscoelastic layer, and the piezoelectric layer, re-
spectively.The boundary conditions also require that the transverse
shear stresses ¿x z and ¿yz vanish at the top and bottom surfaces of
the plate. The displacement expressionsof the boundary conditions
are

uc
1;z C uc

3;x D 0; uc
2;z C uc

3;y D 0; z D ¡h=2

u p
1;z C u p

3;x D 0; u p
2;z C u p

3;y D 0; z D h=2 C hv C h p

(6)

Using Eqs. (4–6), the 14 variables de� ned in Eqs. (1–3) are deter-
mined in terms of the remaining 7 variables that are independent. It
can be shown that the original three displacement� elds are reduced
to the following set of equations:

uc
1 D uc

0 ¡ zwc
0;x C z

³
1 ¡

4z2

3h2

´
Ãc

x C
2z2

3h2

³
z C

3

4
h

´
Gv

Gc
13

Ã v
x

uc
2 D vc

0 ¡ zwc
0;y C z

³
1 ¡ 4z2

3h2

´
Ãc

y C 2z2

3h2

³
z C 3

4
h

´
Gv

Gc
23

Ã v
y

uc
3 D wc

0; where ¡
h

2
· z ·

h

2
(7a)
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0 C
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2
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x
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0 C
h

3
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³
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h

2
C

5h

24

Gv

G c
23

´
Ãv

y

uv
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h

2
· z ·

h

2
C hv (7b)
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u p
1 D uc

0 C
h

3
Ãc

x ¡ zwc
0;x

C

"
Gv

G p

1
2h p

¡
2h4z ¡ z2 ¡ h3h4 ¡ h3h p

¢
C hv C 5h

24

Gv

Gc
13

#

Ã v
x

u p
2 D vc

0 C
h

3
Ã c

y ¡ zwc
0;y

C

"
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G p

1

2h p

¡
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¢
C hv C 5h

24

Gv

Gc
23

#

Ã v
y
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0; where
h

2
C hv · z ·

h

2
C hv C h p (7c)

with

h3 D h=2 C hv; h4 D h=2 C hv C h p (8)

where G is the shear moduli of the material. The application of
transverse shear stress continuity conditions [Eq. (5)] at the inter-
face between the composite and the viscoelasticlayer and the inter-
face between the viscoelastic layer and the piezoelectric layer lead
to the appearance of the terms Gv =Gc and Gv=G p in Eq. (7). The
present approach is able to model accurately the varying behaviors
in the different material regions. It also has the advantage of hav-
ing less unknown variables in the formulation (only two additional
variables, Ã v

x and Ã v
y , compared to the regular re� ned third-order

theory), while satisfyingall boundaryand continuityconditions.An
added bene� t is that the boundary conditions for the two additional
unknowns Ãv

x and Ã v
y , de� ned in the segmented constraininglayer,

can be derived using the present approach. To determine these two
additional unknowns, the regular re� ned third-order displacement
� eld used in section 1 (section without viscoelastic layer and the
piezoelectricconstraining layer) is presented:

uc
1 D uc

0 ¡ zwc
0;x C z

³
1 ¡ 4z2

3h2

´
Ã c

x C 2z2

3h2

³
z C 3

4
h

´
Gv

Gc
13

Ã v
x
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2 D vc

0 ¡ zwc
0;y C z
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1 ¡ 4z2

3h2
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y C 2z2
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4
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´
Gv
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23
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y
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3 D wc

0; where¡
h

2
· z ·

h

2
(9)

The continuity conditions at section interfaces require that the dis-
placements de� ned in adjacent sections [Eqs. (7) and (9)] be equal
to each other through the thickness. These lead to the solution

Ãv
x .x; y/ D Ãv

y .x; y/ D 0; .x; y/ 2 0s (10)

where 0s is the section interface.

Finite Element Model
The � niteelementmethod(FEM) is used to implementthe present

hybriddisplacement� elds becauseit allows for the analysisof prac-
tical geometries and boundary conditions. Based on the displace-
ment � eld [Eq. (7)], the strainvectorfor an elementwith viscoelastic
damping layer and piezoelectric actuator layer in section 2 can be
expressed as

f"g D

8
<

:

f"cg ¡h=2 · z · h=2

f"vg h=2 · z · h=2 C hv

f" pg h=2 · z · h=2 C hv C h p

.x; y/ 2 62 (11)

where 0s is section 2 area. The � nite element equations are derived
using the discretized form of Hamilton’s principle, which is stated
as follows:

±5 D
Z

t

.±K ¡ ±U ¡ ±W / dt

D
Z

t

Z

A

Z

z

[±fugT [½]f Rug ¡ ±f"gT [ NQ].f"g ¡ f3g/] dz dA dt

¡
Z

t

Z

A

±fugT fqg dA dt

D 0 (12)

where fug is the displacement vector, [½] is material density coef-
� cient matrix, [ NQ] is material stiffness matrix, f3g is piezoelectric
induced strain vector, and fqg is the applied external distributed
forces on plate surfaces. The overdot denotes differentiation with
respect to time t. The element stiffness matrix, the mass matrix, the
discretized displacement vector, the piezoelectric force vector, and
the external force vector can be expressed as follows:

fug D [N e]fueg; f"g D [L e][N e]; fueg D [Be]fueg

[K e] D
Z

A

Z

z

[Be]T [ NQe][Be]dA dz

[Me] D
Z

A

Z

z

[N e]T [½e][N e] dA dz

©
f e

p

ª
D

Z

A

[Be]T f3g dA; f f eg D
Z

A

[N e]T fqg dA (13)

where superscript e denotes the discretized elemental quantities,
[Le] is the operator matrix, and [N e] is the interpolation function
matrix.As shown in Eq. (11), the stiffnessandmass matricesde� ned
in section 2 can be divided into three components correspondingto
the three different regions:

[K e] D
£
K e

c

¤
C

£
K e

v

¤
C

£
K e

p

¤

[M e] D
£
M e

c

¤
C

£
M e

v

¤
C

£
M e

p

¤
(14)

The global � nite element equations of motion are then expressed as
follows:

[Mg]f Rugg C [Kg ]fugg D fFgg C
©

F p
g

ª
(15)

where subscript g denotes the discretized global quantities.
The anelastic displacement � eld method14 is used to implement

the viscoelasticmaterialmodel to enabletime-domain� niteelement
analysis. In this approach, the total deformation (both normal and
shear) de� ned in the viscoelastic material is divided into two parts:
1) an elastic component in which the strain is instantaneouslypro-
portional to the stress and 2) an anelastic component that captures
the characteristic relaxation behavior:

©
uv

t

ª
D

©
uv

e

ª
C

©
uv

a

ª
(16)

where fuv
t g; fuv

e g, and fuv
ag are the total displacements, their elas-

tic components, and their anelastic components, respectively. In
Hamilton’s principle, only elastic strain can be taken into account.
Therefore, the strain f"vg used in Eq. (12) should be replaced by its
elastic component as follows:

©
"v

e

ª
D

©
"v

t

ª
¡

©
"v

a

ª
(17)

Then, Eqs. (14) and (15) can be rewritten as follows:

[K e] D
£
K e

c

¤
C

£
K e

v

¤
C

£
K e

p

¤
¡

£
K e

va

¤

[M e] D
£
M e

c

¤
C

£
M e

v

¤
C

£
M e

p

¤
(18)

[Mg ]f Rugg C [Kg]fugg ¡ [Kgv ]fuvg D fFgg C
©

F p
g

ª
(19)

where [K e
va ] is theadditionalelementstiffnessmatrix corresponding

to anelastic strain, and [Kgv] and fuvg are the additional global
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stiffness matrices corresponding to the anelastic strain in elastic
equationsand globaldiscretizeddisplacementvectorcorresponding
to the anelastic displacement components, respectively.

An additionalset of ordinarydifferentialequations14 thatdescribe
the time evolution of the anelastic displacement � elds is employed
to obtain the solution of the complete system:

.c=Ä/[Kv]f Puvg ¡ [Kvg]fugg C c[Kv]fuvg D f0g (20)

where [Kv] is the global stiffnessmatrix constitutinganelastic strain
and c and Ä are material constitutive coupling parameter and char-
acteristic relaxation time at constant strain, respectively. The � nal
global equationsof motion for the complete ACL structureare writ-
ten as follows:
µ
[Mg] [0]
[0] [0]

¶»
f Rugg
f Ruvg

¼
C

µ
[0] [0]
[0] .c=Ä/[Kv]

¶ »
f Pugg
f Puvg

¼

C
µ

[Kg] ¡[Kgv]
¡[Kgv]T c[Kv ]

¶ »
fugg
fuvg

¼
D

»©
F p

g

ª

f0g

¼
(21)

To simplify the solutionprocess,theexternalforcevectoris removed
from Eq. (21).

Active Control System Design
The eigenstructure assignment regulator theory is employed to

suppress vibration with the smallest control effort. It is assumed
that all states are available for feedback. Consider the completely
controllableandobservablelineardynamicsystemin the state-space
form

f Pxg D [A]fxg C [B]fug (22)

with linear feedback control

fug D ¡[KG ]fxg (23)

The right and left eigenvalue problems of the closed-loop system
can be written, respectively, as

.[A] ¡ [B][KG ]/fÁcgi D ¸c
i fÁcgi

.[A] ¡ [B][KG]/T fÃcgi D ¸c
i fÃ cgi (24)

where fÁcgi and fÃ cgi are the right and left eigenvectors of the
closed-loop system, respectively, corresponding to the eigenvalue
¸c

i . The subscriptsi referto thevariablesrelatedto the i th eigenvalue.
The conventional normalization of biorthogonality conditions for
the eigenvectors is adopted and is expressed as

fÁcgT
i fÁcgi D 1 (25)

fÃ cgT
i fÃ cgi D 1 (26)

In this study, the desired closed-loop eigenvalues are chosen based
on the open-loop eigenvalues ¸0

i .
The pole placement algorithm based on Sylvester equation uti-

lizes the parameter vector fhgi de� ned as follows15:

fhgi D [KG ]fÁcgi (27)

Substituting Eq. (27) into Eq. (24) yields the following Sylvester
equation:

¡
[A] ¡ ¸c

i [I ]
¢
fÁcgi D [B]fhgi (28)

or in matrix form

[A][8c] ¡ [8c][3D] D [B][H ] (29)

where

[8c] D
£
fÁcg1; fÁcg2; : : : ; fÁcgn

¤

[3D] D diag
¡
¸c

1; ¸c
2; : : : ; ¸c

n

¢
; [H ] D [fhg1; fhg2; : : : ; fhgn ]

(30)

and [3D] contains the desired closed-loop eigenvalues. From
Eq. (28), it can be seen that

fÁcgi D
¡
[A] ¡ ¸c

i [I ]
¢¡1

[B]fhgi (31)

If ¸c
i are distinct from their open-looppositions, the columns of [H ]

generate the correspondingclosed-loop eigenvectors.For the given
parameter matrix [H ], the closed-loop modal matrix [8c] can be
determined by solving the Sylvester equation.

The important steps of the robust eigenstructure assignment
algorithm16;17 for vibration control are outlined next. First, a tar-
get eigenvector[8T ] is selected. In vibration control problems, it is
known that the open-loopeigenvectorsare well conditionedand are,
therefore, a good choice of a family of admissible target vectors.18

The open-loopeigenvectorsare adoptedas the target eigenvectorsin
this study. Second, [H ] matrix is computedby solving the Sylvester
equation [Eq. (29)], in a least-square sense as follows:

[H ] D [B]¤.[A][8T ] ¡ [8T ][3D]/ (32)

where [B]¤ is the pseudoinverseof the matrix [B]. Next, the Sylvster
equationis solved to obtain the closed-loopeigenvectormatrix [8c].
Finally, the gain matrix is computed using Eq. (27) as follows:

[KG ] D [H ][8c]¡1 (33)

Numerical Results and Discussion
To validate the hybrid displacement � eld theory, the devel-

oped � nite element model is correlated through NASTRAN-
3D � nite element analysis. The comparisons are made for
[45=¡45=45=¡45 deg]s graphite/epoxy composites with ACL
damping treatmenton the top surface(Fig. 2). Static andmodal anal-
yses are conducted for the undamped system. The plate is clamped
(throughthe width) alongone side, and the other three sides are free.
The material properties used in all examples are listed in Table 1.
Eight noded brick elements are used in the NASTRAN-3D � nite
element model. The mesh sizes are as follows: a 100 £ 50 £ 8 mesh
is used in the composite regions, a 30 £ 30 £ 2 mesh is used in the
viscoelastic damping layer, and a 30 £ 30 £ 2 mesh is used for the
piezoelectric actuator layer.

The static solutions are obtained for two cases: case 1, an un-
damped plate with dimensions a D 4 m, b D 1 m, hc D 0:1 m, hv D
0:0127 m, and h p D 0:0254 m; and case 2, an undamped plate with
a D 4 m, b D 1 m, hc D 0:2 m, hv D 0:0254 m, and h p D 0:0508 m
(Fig. 2). A uniformly distributed tip load of 6 N/m is applied to
the plate along the z direction (Fig. 2). For case 1 (l=hc D 40), the
correspondingthree-dimensionalNASTRAN stressesare compared
with the present model, through the thickness z of the plate, in a
region with ACL (at location x D 0:6 m and y D 0:5 m). Compar-
isons of the normal stresses ¾x and ¾y are presented in Figs. 3 and
4, respectively. As is evident from Figs. 3 and 4, the results from
the present approach correlate very well with the NASTRAN solu-
tions. The shear stresses ¾xz and ¾yz are presented in Figs. 5 and 6,

Table 1 Material properties of PZT and graphite/epoxy composite

Property PZT Viscoelastic layer Graphite/epoxy

E11, GPa 63 25 144.23
E22, GPa 63 25 9.65
E33, GPa 63 25 9.65
G23 , GPa 24.6 10 3.45
G13 , GPa 24.6 10 4.14
G12 , GPa 24.6 10 4.14
º12 0.28 0.25 0.3
º23 0.28 0.25 0.3
º31 0.28 0.25 0.02
Density, kg/m3 7600 1600 1389.23
Piezoelectric

constant
d31 D d32 pm/V 254
Viscoelastic material
Ä, rad/s 50
c 1.2
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Fig. 3 Variation of normal stress ¾x with thickness, case 1: ¨, hybrid
model, and ¦, NASTRAN-3D.

Fig. 4 Variation of normal stress ¾y with thickness, case 1: ¨, hybrid
model, and ¦, NASTRAN-3D.

Fig. 5 Variation of shear stress ¾xz with thickness, case 1: ¨, hybrid
model, and ¦, NASTRAN-3D.

respectively.The maximum difference in the shear stressvalues,be-
tween the two theories, is on the order of 10%. This is because the
presenttheoryis a two-dimensionaltheory.When theplate thickness
is increased(l=hc D 20), as in case2, thedifferencesin shearstresses
calculated by the present method and NASTRAN increase (Fig. 7)
as expected. However, the correlations are fairly good consider-
ing the present theory is computationallymore ef� cient than three-
dimensional analysis. The tip displacementsare compared next for
the plate. As seen in Fig. 8, the results from the present method
correlate extremely well with those obtained using NASTRAN-3D

Fig. 6 Variation of shear stress ¾yz with thickness, case 1: ¨, hybrid
model, and ¦, NASTRAN-3D.

Fig. 7 Variation of shear stress ¾xz with thickness, case 2: ¨, hybrid
model, and ¦, NASTRAN-3D.

Fig. 8 Tip displacements, case 1.

analysis for various locations along plate width (y direction), devi-
ating by a maximum of 1% from the NASTRAN-3D results.

Figure 9 shows the modal comparison for a plate with dimen-
sions a D 4 m, b D 1 m, hc D 0:01 m, hv D 0:00127 m, and h p D
0:00254 m (case 3). It is seen that the solutions obtained from
the present approach are very close to the results predicted us-
ing three-dimensionalNASTRAN (within 2%). This indicates that
the present two-dimensionalapproach provides accurate prediction
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Fig. 9 Natural frequencies; single ACL.

Fig. 10 Natural frequencies; case 2.

in modal analysis comparable to the three-dimensional analysis.
Figure 10 shows a comparison of the modal analysis for a thick
plate such as the undamped plate speci� ed in case 2 (l=hc D 20).
It can be seen that the results from the present approach corre-
late well with NASTRAN-3D solutions and show an improvement
over NASTRAN-2D results (using 100 £ 50 four noded � nite ele-
ment mesh). The results from the present model are within approx-
imately 2% of the results obtained with NASTRAN-3D. Note that
NASTRAN is not capable of modeling the constrained layer damp-
ing in a structure where active control is applied. It is used here to
model the structure without damping effect only for the purpose of
correlation. In addition, the use of three-dimensional elements to
model composite structures can be very expensive in engineering
practice.

Next, dynamic behavior of the cantilevered plate with the same
con� gurationsas speci� ed in case 3 is investigated.As mentionedin
the preceding section, a pole placement technique is used to design
control system for vibration suppression. The target eigenvalues
are placed at proper locations by considering the eigenvalues of
the passive damper system. Figure 11 shows the eigenvalues of
the � rst six elastic modes of the open-loop system and closed-loop
system. The damping ratios of the � rst four elastic modes of the
passive system are 0.1014, 0.0124, 0.0120, and 0.0112. With an
active system, the damping ratios are increased to 0.1178, 0.0181,
0.0158, and 0.0121, respectively. It can be seen that damping ratios
of all of the lower modes are increasedby activating the constrained
layer. Time history of tip displacement for the active and passive
damper systems are shown in Fig. 12. It is evident that the ACL
provides effective attenuation of the vibrations. The corresponding

Fig. 11 Comparison of eigenvalues; open and closed loop; single ACL.

Fig. 12 Time responses of the composite laminate; single ACL.

Fig. 13 Control voltage history; single ACL.

control voltage is also plotted in Fig. 13. It can be seen that the
damping ratio is increased with the maximum control voltage of
only 20 V.

For comparison of the control performance, an example of the
cantilevered plate with a pair of ACLs on the top and bottom sur-
faces is also considered. The plate con� guration is as identi� ed in
case 3. Figure 14 shows tip displacement of the composite lami-
nate with a pair of ACLs. It can be seen that the active system of
plate model with a pair of ACLs shows faster response time and
substantial reduction in vibration modes, compared to the case with
a single ACL (Fig. 12). Note that the model with a pair of ACLs has
higher natural frequenciesdue to increased structural stiffness. The
damping ratios associated with the � rst four elastic modes of the
passive system are 0.0201, 0.00849, 0.0513, and 0.0512. The pas-
sive damping ratios of the two lower modes are smaller compared
to the plate model with a single ACL. By activating the constrained
layers, the damping ratios are increased to 0.0917, 0.0111, 0.0568,
and 0.0514. Figure 15 shows the control voltage applied to a pair
of ACLs. As shown in Fig. 15, the maximum applied voltage is less
than 10 V.
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Fig. 14 Time responses of the composite laminate; pair of ACLs.

Fig. 15 Control voltage history; pair of ACLs.

Conclusions
A new hybrid displacement � eld theory is developed to model

composite laminateswith surfacebondedACL damping.The proce-
dure is implementedusing the � nite element technique.The higher-
order displacement� eld is used in the composite laminate to capture
transverse shear deformations. The � rst- and the second-order dis-
placement � elds are employed in the viscoelastic damping layer
and the piezoelectric actuator layer to make the procedure compu-
tationallyef� cient.The developedapproach is capableof accurately
describing the deformationsin the different material regions. It also
offers the advantage of having fewer unknown variables in the for-
mulation (only two additional unknown variables compared to the
regular re� ned third-order theory), while satisfying all boundary
and continuity conditions. An added bene� t is that the boundary
conditions for the two additional unknowns, de� ned in the seg-
mented constraininglayer, can also be derived using the present ap-
proach.Compared to NASTRAN, the proposedapproach is capable
of modeling the ACL damping while being ef� cient and accurate.
The anelastic displacement � eld method is used to implement the
viscoelastic material model to enable time-domain � nite element
analysis. The following speci� c observationshave been made from
this study:

1) The developed hybrid displacement � eld theory is capable of
accurately predicting the mechanical behavior of smart composite
laminates with varying material layers.

2) The � nite element procedure is computationallyef� cient.
3) The numerical results from the present approach show excel-

lent correlations with NASTRAN-3D � nite element solutions, as
evidenced by the stress, displacement, and frequencycomparisons.

4) Numerical results exhibit signi� cant improvements in active
control using the ACL damping treatment.
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